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Abstract
In this paper we demonstrate a calculation to find the genus of the hyper-
cube graph Qn using real moment-angle complex ZK(D
1, S0) where K is the
boundary of an n-gon. We also calculate an upper bound for the genus of the
quotient graph Qn/Cn, where Cn represents the cyclic group with n elements.
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Introduction
In graph theory, the hypercube graph is defined as the 1-skeleton of the
n-dimensional cube. The graph theoretical properties of this graph has been
studied extensively by Harary et al in [1]. It is well known that this graph
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has genus 1 + (n − 4)2n−3. This fact was proved by Ringel in [2], Beineke
and Harary in [3]. The moment-angle complex or polyhedral product has
been studied recently in the works of Buchstaber and Panov [4], Denham
and Suciu [5], Bahri et al. [6]. In this paper, we give an embedding of
the hypercube graph in the real moment-angle complex and calculate the
genus of the hypercube graph. This demonstrates an interesting relationship
between the geometry of hypercube graph and real moment-angle complex.
1. Genus of a Graph
Definition 1.1. The hypercube graph Qn for n ≥ 1 is defined with the
following vertex and edge sets.
V = {(a1, · · · , an) | ai = 0 or 1}
= the set of all ordered binary n-tuples with entries of 0 and 1
E = {(u, v) ∈ V × V | u and v differ at exactly one place}
It is straightforward to see that the hypercube graph can also be defined
recursively as a cartesian product [7, p. 22].
Q1 = K2, Qn = K2Qn−1.
Now we will define the genus of a graph. In this paper, a ‘surface’ will mean
a closed compact orientable manifold of dimension of 2. A graph embedding
in a surface means a continuous one to one mapping from the topological
representation of the graph into the surface. More explanation about graph
embeddings can be found at [8].
Definition 1.2. The genus γ(G) of a graph G is the minimal integer n
such that the graph can be embedded in the surface of genus n. In other
words, it is the minimum number of handles which needs to be added to the
2-sphere such that the graph can be embedded in the surface without any
edges crossing each other.
Example 1.3. All planar graphs have genus 0. The complete graph with
5 vertices denoted by K5 and the complete bipartite graph with 6 vertices
denoted by K3,3 both have genus 1 ( Figure 1.2). The non-planarity of these
graphs denoted by Kn and Km,n are explained in [9, chapter 6].
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Figure 1: K3,3 and K5 embedded in a torus.
Definition 1.4 (2-cell embedding). Assume that G is a graph embedded in
a surface. Each region of the complement of the graph is called a face. If
each face is homeomorphic to an open disk, this embedding is called a 2-cell
embedding.
In this paper we will restrict our attention to 2-cell embeddings of graphs
because the embedding of the hypercube graph in a real moment-angle com-
plex is a 2-cell embedding. We describe it in the next section.
Now restricting our attention to 2-cell embeddings of a graph G in a
surface with genus g, we can see that
γM(G) = max{g | G has a 2-cell embedding on a surface with genus g}
must exist. This is true because if a graph has a 2-cell embedding in a surface
Sg, then each handle of the surface must contain at least one edge. So we
have a loose upper bound of γM(G) ≤ e (See [10] for further explanation).
So we can define the maximum genus of a finite connected graph as follows.
Definition 1.5 (Maximum genus). The maximum genus γM(G) of a con-
nected finite graph G is the maximal integer m such that G has a 2-cell
embedding on the surface of genus m.
Two theorems which are important tools in the analysis of graph embed-
dings follow next.
Theorem 1.6 (Euler’s Formula). Let a graph G has a 2-cell embedding in
the surface Sg of genus g, with the usual parameter V,E, F . Then
|V | − |E|+ |F | = 2− 2g (1.1)
Proof. See [8, Chapter 3]
3
Theorem 1.7 (Duke[11]). A graph G has a 2-cell embedding in a surface Sg
of genus g if and only if γ(G) ≤ g ≤ γM(G).
The last theorem tells us that if there exist 2-cell embeddings of a graph
in surfaces of genera m and n with m ≤ n, then for any integer k with
m ≤ k ≤ n, there exists a 2-cell embedding of the graph in a surface with
genus k. A detailed explanation and proof of this theorem can be found in
Richard A. Duke’s original paper [11].
Using these theorems, we can find a lower bound for the genus of the
hypercube graph. Let a graph G is embedded in a surface and fi denote the
number of faces which has i edges as its boundary. So we have
2|E| =
∑
i
ifi
For the hypercube graph, each face must have at least 4 edges as its boundary.
Therefore,
2|E| =
∑
i≥4
ifi ≥
∑
i
4fi = 4|F |
which implies |F | ≤ |E|
2
. Now using Euler’s formula,
g = 1−
|V |
2
+
|E|
2
−
|F |
2
≥ 1−
|V |
2
+
|E|
2
−
|E|
4
= 1−
|V |
2
+
|E|
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But for the hypercube graph Qn, we have |V | = 2
n, |E| = n2n−1. So using
the above inequality we get a lower bound1 for the genus of a hypercube
graph,
γ(Qn) ≥ 1− 2
n−1 + n2n−3 = 1 + (n− 4)2n−3 (1.2)
To show that this lower bound can be achieved, we will use the real
moment-angle complex. In fact, we prove the following theorem.
Theorem 1.8. For n ≥ 3, the hypercube graph can be embedded in a surface
with genus 1 + (n− 4)2n−3. Moreover, this embedding is a 2-cell embedding.
1See [12] for more detail on the inequalities involving genus of a graph
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2. Moment-Angle Complex
Definition 2.1. Let (X,A) be a pair of topological spaces and K be a finite
simplicial complex on a set [m] = {1, · · · , m}. For each face σ ∈ K, define
(X,A)σ = Y1 × · · · × Ym
where
Yi =
{
X if i ∈ σ
A if i /∈ σ
The moment-angle complex ZK(X,A) corresponding to pair (X,A) and sim-
plicial complex K is defines as the following subspace of the cartesian product
Xm.
ZK(X,A) =
⋃
σ∈K
(X,A)σ
For our calculation we will use the pair (D1, S0). This space, ZK(D
1, S0)
is called the real moment-angle complex corresponding to K.
Example 2.2. Let Ln denote the simplicial complex with n discrete points.
Then by the above definition
ZLn(D
1, S0) = (D1 × S0 × · · · × S0) ∪ (S0 ×D1×
· · · × S0) ∪ · · · ∪ (S0 × S0 × · · · ×D1)
It is easy to see that ZLn(D
1, S0) is homeomorphic to of the hypercube graph
Qn.
From the definition of the moment-angle complex, we can prove the fol-
lowing lemma.
Lemma 2.3. Let f : L →֒ K be an inclusion map of simplicial complex
where L and K both have the same number of vertices. Then there exists an
inclusion map of moment-angle complexes, Zf : ZL(X,A) →֒ ZK(X,A).
Proof. We can consider L as a subcomplex of K. So any face σ of L is also
a face of K. From this we can conclude that
(X,A)σ ⊂
⋃
τ∈K
(X,A)τ
This implies that ZL(X,A) ⊂ ZK(X,A).
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Example 2.4. Let Kn be the boundary of an n-gon and Ln be the n ver-
tices of Kn. Using the above lemma, we can conclude that ZLn(D
1, S0) =
Qn is embedded in ZKn(D
1, S0). Also, if we consider the complement of
ZLn(D
1, S0) in ZKn(D
1, S0), we will get a collection of open discs (D1×D1)o
which is straightforward from the definitions. So, this embedding of Qn in
ZKn(D
1, S0) is clearly a 2-cell embedding.
It is interesting to note that ZKn(D
1, S0) is a closed compact surface with
genus 1+ (n− 4)2n−3. This fact was proved by Coxeter in [13]. We will give
an inductive proof here.
Proposition 2.5. For n ≥ 3, ZKn(D
1, S0) is a closed, compact and ori-
entable surface with genus 1 + (n− 4)2n−3.
Proof. For brevity, we write ZKn to denote ZKn(D
1, S0).
If n = 3, it is straightforward that ZKn = ∂(D
1 × D1 × D1) ≈ S2. Let’s
assume the statement is true for an integer n ≥ 3. So ZKn is an orientable
surface of genus 1 + (n− 4)2n−3. Also note that
ZKn =
n factors︷ ︸︸ ︷
D1 ×D1 × S0 × · · · · · · · · · × S0
∪ S0 ×D1 ×D1 × S0 × · · · × S0
...
∪ S0 × · · · · · · · · · × S0 ×D1 ×D1
∪D1 × S0 · · · · · · · · · · · · × S0 ×D1
Let B be the last term in the union that is B = D1×S0×· · ·×S0×D1 ⊂
ZKn. So B is 2
n−2 copies of D1 ×D1 on the surface ZKn. Now note that,
∂(B) = (S0 × S0 × · · · × S0 ×D1) ∪ (D1 × S0 × · · · × S0 × S0)
and
ZKn+1 = ((ZKn −B)× S
0) ∪ (∂B ×D1)
This means that to construct ZKn+1 , we first delete 2
n−2 copies of D1×D1
from ZKn, then take two copies of ZKn −B and glue 2
n−2 copies of 1-handle
along the boundary of B. Therefore,
ZKn+1 = ZKn#ZKn#(2
n−2 − 1)S1 × S1
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Here one of the 2n−2 handles is being used to construct the first connected
sum ZKn#ZKn and the remaining 2
n−2−1 copies of 1-handles are connected
as 2n−2 − 1 copies of torus. So clearly ZKn+1 is a closed compact orientable
surface with genus
2(1 + (n− 4)2n−3) + 2n−2 − 1 = 1 + ((n + 1)− 4)2(n+1)−3.
In the above discussion, we have proved that the hypercube graph Qn
can be embedded in the real moment-angle complex ZKn(D
1, S0) which is a
surface of genus 1 + (n− 4)2n−3. Hence Theorem 1.8 is proved.
3. Action of Cn on Qn and ZKn(D
1, S0)
Let Cn denote the cyclic group with n elements generated by σ. Since
Kn can be considered as the boundary of a regular n-gon, we can define an
action of Cn on Kn by rotating the n-gon by 2π/n radians about the centre. If
(i, i+1) represents an edge, then this action will take this edge to (i+1, i+2)
(here the vertices are considered as i ( mod n)). So We can define an action
of Cn on ZKn(D
1, S0) by σ(x1, · · · , xn) = (xσ(1), · · · , xσ(n)) = (x2, · · · , xn, x1)
where (x1, · · · , xn) ∈ (D
1, S0)τ for a maximal face τ ∈ Kn. So σ is rotating
the coordinates of a point in the moment-angle complex ZKn(D
1, S0). We
can define a similar action of Cn on the hypercube graph Qn by rotating
the coordinates of a point. It is straightforward to note that the following
diagram commutes.
Qn ZKn(D
1, S0)
Qn/Cn ZKn(D
1, S0)/Cn
Therefore the quotient graph Qn/Cn is embedded in the quotient space
ZKn(D
1, S0)/Cn. We will show that the quotient space
ZKn(D
1, S0)/Cn is also a closed connected orientable surface. Therefore, cal-
culating the genus of the surface ZKn(D
1, S0)/Cn would suffice to give an
upper bound for the genus of the quotient graph Qn/Cn. First we will prove
that ZKn/Cn is closed connected, compact and orientable manifold. Then
we will calculate the genus of this surface. Indeed the following theorem can
be found in Ali’s thesis [14] theorem 4.2.2.
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Theorem 3.1. Let Cm be the subgroup of Cn i.e. m|n, then ZKn(D
1, S0)/Cm
is a closed surface.
It is not surprising that the quotient surface ZK(D
1, S0)/Cn must be
an orientable surface. We can prove it by giving a δ-complex structure on
this surface and check that all the triangles on the surface can be given an
orientation such that any two neighboring triangles’ edges fit nicely.
Lemma 3.2. The surface ZKn(D
1, S0)/Cn is an orientable surface.
Proof. First note that the action of Cn permutes the coordinate of a point in
a cyclic manner. So we only need to consider the space D1×D1×S0×· · ·×S0,
which is actually 2n−2 copies of D1×D1. For each of these squares, we draw
a diagonal from the lower left corner to the top right, make a triangulation
of the surface and give suitable orientation to each triangle. Then we glue
these squares along their boundaries under the identification generated by
Cn. Let ǫ1ǫ2 . . . ǫn represent the coordinate (ǫ1, . . . , ǫn) where ǫi = 0 or 1.
For abbreviation, we write directed edges as (000, 010) which represent the
directed edge from (0, 0, 0) to (0, 1, 0).
Case 1:(n = 3). We have two copies of D1 ×D1 (Figure 2a). Under the
action of Cn, we have the following identification of edges on the boundary
of this two squares.
(000, 010) ∼ (000, 100), (001, 011) ∼ (010, 110),
(100, 110) ∼ (001, 101), (101, 111) ∼ (011, 111)
As shown in the figure 2, we can give orientation to to each of the triangles
such that the orientation of each edge fits together.
Case 2:(n = 4). In this case, we have four copies of D1 ×D1 as shown
in (Figure 3b). And we have the identification of edges as follows:
(0000, 0100) ∼ (0000, 1000), (0010, 0110) ∼ (0100, 1100),
(1000, 1100) ∼ (0001, 1001), (1011, 1111) ∼ (0111, 1111)
(1001, 1101) ∼ (0011, 1011), (0011, 0111) ∼ (0110, 1110),
(1010, 1110) ∼ (0101, 1101), (0001, 0101) ∼ (0010, 1010)
We can see from the figure that the orientation of each triangle is compatible
to each other.
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(a) (b)
Figure 2: Quotient space ZK3(D
1, S0)/C3.
Figure 3: Quotient space ZK4(D
1, S0)/C4.
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Case 3: (n ≥ 5). For n ≥ 5, we can have the identification of edges as
follows:
(0000x, 1000x) ∼ (000x0, 010x0), (0010x, 0110x) ∼ (010x0, 110x0),
(100x0, 110x0) ∼ (00x01, 10x01), (101x1, 111x1) ∼ (01x11, 1x111)
(1001x, 1101x) ∼ (001x1, 101x1), (001x1, 011x1) ∼ (01x10, 11x10),
(1010x, 1110x) ∼ (010x1, 110x1), (000x1, 010x1) ∼ (00x10, 10x10)
Here, x represents a string of length (n − 4) whose characters can be 0 or
1. So we can see that all this identification preserve the orientation of the
surface. Therefore, ZK(D
1, S0)/Cn is an orientable surface.
Since the quotient of a compact and connected space is also a compact
and connected space, we have proved the following theorem.
Theorem 3.3. Let K be the boundary of an n-gon. Then ZK(D
1, S0)/Cn is
a closed, compact and orientable surface.
3.1. Branched covering and genus of ZK(D
1, S0)/Cn
Next, we will prove the following lemma which gives a formula for finding
the genus of the quotient space.
Lemma 3.4. The genus of ZK(D
1, S0)/Cn is given by the following formula:
g(ZK(D
1, S0)/Cn) = 1 + 2
n−3 −
1
2n
∑
d|n
φ(d)2n/d (3.1)
where φ is the Euler totient function.
To prove this lemma, we will use the Riemann-Hurwitz formula for branched
covering. Note that the quotient map ZK(D
1, S0) → ZK(D
1, S0)/Cn would
be a covering map if remove a finite number of points (the corners of each
D1 × D1). So this quotient map is a branched cover. We use the following
definition from [15].
Definition 3.5. Let X and Y be two surfaces. A map p : X → Y is called
a branched covering if there exists a codimension 2 subset S ⊂ Y such that
p : X \ p−1(S)→ Y \ S is a covering map. The set S is called the branch set
and the preimage p−1(S) is called the singular set.
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Definition 3.6. Let p : X → Y be a branched covering of two surfaces
where Y is connected. The degree of this branched covering is the number of
sheets of the induced covering after removing the branch points and singular
points.
In [14], it is proved that ZK(D
1, S0) → ZK(D
1, S0)/Cn is a branched
covering of degree n. Since the quotient is closed, compact and orientable we
can apply the classical Riemann-Hurwitz formula for branched covering.
Theorem 3.7 (Riemann-Hurwitz Formula). Let G be a finite group acting
on the surface X, such that the map p : X → X/G be a branched covering
with a branch subset S ⊂ X/G. Let Gy represent the isotropy subgroup for a
point y ∈ X and χ(X) be the Euler characteristic of X. Then
χ(X) = |G| · χ(X/G)−
∑
x∈S
(
|G| −
|G|
nx
)
(3.2)
with nx = |Gy| for y ∈ p
−1(x) and x ∈ S.
To apply this formula we need to calculate the cardinality of the isotropy
subgroup for each of the singular points in ZK(D
1, S0). It is straightforward
that the action of Cn on a point permute its coordinate in a cyclic manner.
The only points in ZK(D
1, S0) which have a nontrivial isotropy group have
coordinates 0’s or 1’s only. Therefore, the cardinality of the isotropy subgroup
is related to the number of aperiodic necklaces with 2-coloring. We will
give some necessary definitions related to aperiodic necklaces and then count
the Euler characteristic of ZK(D
1, S0)/Cn by using the Riemann-Hurwitz
formula.
Definition 3.8. Let W represent a word of length n over an alphabet of size
k. We define an action of the cyclic group Cn = 〈σ〉 on W by rotating its
characters. For example, ifW = a1a2 · · · an where each ai is a character from
the alphabet, then σ(W ) = a2a3 · · ·ana1. A word W of length n is called an
aperiodic word if W has n distinct rotation.
Definition 3.9. An equivalence class of an aperiodic word under rotation is
called a primitive necklace.
The total number of primitive n-necklaces on an alphabet of size k, de-
noted by M(k, n), is given by Moreau’s formula [16],
M(k, n) =
1
n
∑
d|n
µ(d)kn/d
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Note that we can deduce Moreau’s formula by using Mo¨bius inversion formula
and the fact that
kn =
∑
d|n
dM(k, d)
Total Number of Necklace of length n with k-coloring: Note that
this number is the same as
∑
d|nM(k, d) since M(k, d) gives us the number
of aperiodic necklaces for each divisor d of n. So, we have∑
d|n
M(k, d) =
∑
d|n
1
d
∑
c|d
µ(c)kd/c
=
1
n
∑
d|n
∑
c|d
n
d
µ(d/c)kc
=
1
n
∑
c|n
∑
b|n
c
d=bc
n
d
µ(d/c)kc
=
1
n
∑
c|n
kc
∑
b|n
c
µ(b)
(n
c
)(1
b
)
=
1
n
∑
d|n
φ(d)kn/d
The last line follows since
∑
b|n
c
µ(b)(n
c
)(1
b
) = φ(n/c), where φ is the Euler’s
totient function.
For our calculation, k = 2 since we are only concerned about words with
2 letters or necklaces with 2-coloring. We will denote this Moreau’s formula
by
M(n) =
1
n
∑
d|n
µ(d)2n/d
So we have,
∑
d|nM(d) =
1
n
∑
d|n φ(d)2
n/d.
Proof of lemma 3.4. Note that Cn acts on a point of ZK(D
1, S0) by cycli-
cally permuting the coordinates. So Cn acts freely on all but finitely many
points. The coordinate of those points can be only 0 or 1. Each point in
the branch set can be considered a primitive necklace of length d where d|n.
Clearly, there are M(d) points in the branch set which has isotropy group
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Cn/d. So the summation in the Riemann-Hurwitz formula becomes∑
x∈S
(
|G| −
|G|
nx
)
=
∑
d|n
M(d)(n−
n
n/d
)
Now using the Riemann-Hurwitz formula,
χ(ZK(D
1, S0)) = n.χ(X/G)−
∑
d|n
M(d)(n−
n
n/d
)
=⇒ (4− n)2n−2 = n.χ(X/G)−
∑
d|n
nM(d) +
∑
d|n
dM(d)
=⇒ 2n − n2n−2 = n.χ(X/G)− n
∑
d|n
M(d) + 2n
=⇒ χ(ZK(D
1, S0)/Cn) =
∑
d|n
M(d)− 2n−2
=⇒ χ(ZK(D
1, S0)/Cn) =
1
n
∑
d|n
φ(d)2n/d − 2n−2
=⇒ g(ZK(D
1, S0)/Cn) = 1 + 2
n−3 −
1
2n
∑
d|n
φ(d)2n/d
So the quotient space ZKn(D1, S
0)/Cn has genus equal to
1 + 2n−3 −
1
2
(# of n-length necklace with 2-coloring)
Example 3.10. For n = 6, ZKn(D
1, S0) is a surface with genus 1 + (6 −
4)26−3 = 17. Under the above formula, the genus of the quotient space
ZKn(D
1, S0)/Cn is
1 + 23 −
1
2
(#of 6-length necklace with 2-coloring)
The number of 6 length necklace with 2-coloring is exactly
1
6
∑
d|6
φ(d)26/d =
1
6
(1.26 + 1.23 + 2.22 + 2.2) = 14
So ZKn(D
1, S0)/Cn has genus 9− 14/2 = 2.
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3.2. An upper bound for genus of quotient graph Qn/Cn
From the above discussion, we have proved the following lemma.
Lemma 3.11. The genus of the quotient graph, Qn/Cn has an upper bound:
γ(Qn/Cn) ≤ 1 + 2
n−3 −
1
2n
∑
d|n
φ(d)2n/d (3.3)
Remark 3.12. It can be showed that theorem 3.3 is also true for a subgroup
Cm ⊂ Cn where m|n. In this paper we are not using that result, but I will
add a proof of this fact in my PhD thesis.
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